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Abstract
We point out the peculiar form of the gravitational wave signal expected from a gas
of particles carry spin 3/2 produced during preheating. Given the very few ways that
gravitinos can manifest themselves in an experimentally observable way, we stress the
importance of improving the sensitivity of ultra-high frequency detectors in the future.
This review is based on work that appeared in [arXiv:1811.11774 [hep-ph]].1
1 Introduction
We are used to consistent interacting quantum field theories in flat space-time
for particles with spin up to two. Spin one-half (matter: leptons and quarks),
one (vector bosons: gauge interactions), two (gravitational interactions, though
the gravitons have only been seen in their classical behavior) and zero (the
Higgs possibly not a composite state) form the well established basic blocks
of our present Standard Models of the Universe. Obviously, in this counting
one missing piece is a fundamental particle with spin 3/2. It is tempting then
to associate the missing particle with the missing part of the content of the
universe: spin 3/2 states represent the main component of dark matter.
A theoretically well motivated spin 3/2 particle is the gravitino and it is
in fact one of the first proposed candidates for dark matter2–4 (for alternative
production mechanism see e.g.5 . This the supersymmetric partner of the
graviton and has known consistent description in the framework of supergravity
theories. In gauged supergravities, the charge of the gravitino is related to the
value of the cosmological constant making it not suitable for describing our
Universe. In flat space-time, the gravitino interacts only through gravitational
interactions with the rest of matter. This makes it challenging to detect. There
are fortunately a few cases where gravitinos can manifest themselves in a way
that can be experimentally observed. The gravitino could be unstable, a very
long lived metastable particle if it plays the role of dark matter, and decays. This
happens in models with R-parity violation and the main signature is through
the emission of neutrinos. Most natural is that the gravitino is stable, in which
case we are left with two possible signatures. One is the observation of missing
energy at colliders. Relativistic gravitino interactions are dominated by their
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2 The spin 3/2 fields basics 2
longitudinal modes. The amplitude of production of the latter is suppressed
by the scale of supersymmetry breaking instead of the Planck scale. Finally,
one can investigate gravitational signatures of gravitinos. This is the aim of the
work1 reviewed here.
2 The spin 3/2 fields basics
The propagating spin 3/2 fields are represented by a spinor-vector representation
ψµ and a priori contains too many states. It is constructed as the tensor product:
(
1
2
,
1
2
)⊗ (1
2
, 0) =
1
2
⊕ (1⊗ 1
2
) =
1
2
⊕ 1
2
⊕ 3
2
, (2.1)
where (a; b) with a, b = 0, 12 denote spin-representations of SU(2)L × SU(2)R .
The field verifies Dirac equation of motion:
(iD/−m3/2)ψµ = 0, (2.2)
and two constraints:
Mµν∂νψµ = 0. (2.3)
γνN
µνψµ = 0, (2.4)
where the Dirac operator D/, the matrices Mµν and Nµν are to be determined
case by case given the particular space-time and interactions under considera-
tion. The above two constraints allow to project out the non-physical spin 1/2
components. In practice, one can derive the first constraint by noticing that
ψ0 appears without time derivative in the Lagrangian; it is a Lagrange multi-
plier. The other constraint is obtained from the requirement that the first one is
conserved in time; all along only the spin 3/2 component ψµ should propagate.
Working in the Friedmann-Lemaitre-Robertson-Walker (FLRW) space-time,
a common trick is to make an appropriate field redefinition that brings the
Dirac equation in to the Minkowski form but with a time-dependent mass. In
order to write down the solution of this equation, we introduce the appropriate
notation. We define massive spin-1 polarizations µp,l satisfying 
µ
p,l
∗
µp,l′ = δl,l′ .
The solution of the Dirac equation can be written in the form:
u
(|λ|)T
p, s2
(t) = (u
(|λ|)
p,+ (t)χ
T
s (p), s u
(|λ|)
p,− (t)χ
T
s (p)), (2.5)
χs(p) the two-component spinors χ
†
s(p)χs′(p) = δs,s′ and the time-dependance
of the wave function is contained in the scalar wave function u
(|λ|)
p,± (t). The
solution of (2.4) in the momentum space, after Fourier transform on space but
not time, are written as6–8
ψ˜µp,λ(t) =
∑
s=±1,l=±1,0
〈1, 1
2
, l,
s
2
|3
2
, λ〉µp,lu(|λ|)p, s2 (t), (2.6)
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where 〈1, 12 , l, s2 | 32 , λ〉 are the Clebsch-Gordan coefficients.
The equivalence theorem9–11 implies that for energies much higher than the
mass of the spin 3/2 particle, the transverse and longitudinal modes decouple
from each other, interactions of the latter are those of the would-be goldstino.
We can therefore treat separately the two modes. For λ = ± 32 , the decomposi-
tion (2.6) reads6–8
ψ˜µ
p,± 32
(t) = µp,±1 u
(3/2)
p,± 12
(t). (2.7)
For λ = ± 12 , (2.6) reads6–8
ψ˜µ
p,± 12
(t) =
√
2
3
µp,0 u
( 12 )
p,± 12
(t) +
√
1
3
µp,±1 u
( 12 )
p,∓ 12
(t). (2.8)
and for p m3/2, one can write the expansion µp,0,
µp,0 =
1
m3/2
(p,
√
p2 +m23/2pˆ) =
pµ
m3/2
+
m3/2
2p
(−1, pˆ) +O(
m23/2
p2
). (2.9)
The canonical quantization of the spin 3/2 field starts with the introduction
of the set of annihilation and creation operators satisfying the commutation
relations:
{aˆp,λ, aˆ†p′,λ′} = (2pi)3δλ,λ′δ(3)(p− p′). (2.10)
with
ψ(|λ|)(x, t) =
∑
s=±1
∫
dp
(2pi)3
e−ip·x{aˆp,λu(|λ|)p, s2 (t) + aˆ
†
−p,λv
(|λ|)
p, s2
(t)}. (2.11)
The relation between annihilation and creation operators is due to the Majorana
nature of the spin 3/2 field considered in this work.
For computing the production of gravitational waves, we will need the energy-
momentum tensor given by:
Tαβ =
i
4
ψ¯µγ(α∂β)ψ
µ − i
4
ψ¯µγ(α∂
µψβ) + h.c., (2.12)
and the Hamiltonian
H(t) =
∫
dx
i
4
ψ¯(
1
2 )(x, t)γ0∂tψ
( 12 )(x, t) +
i
4
ψ¯(
3
2 )(x, t)γ0∂tψ
( 32 )(x, t) + h.c.,
(2.13)
To make the Hamiltonian diagonal, we will perform a Bogoliubov transfor-
mation
ˆ˜ap,λ(t) = α
(|λ|)
p (t) aˆp,λ + β
(|λ|)
p (t) aˆ
†
−p,λ,
where p = |p| and α(|λ|)p (t), β(|λ|)p (t) are complex numbers satisfying |α(|λ|)p (t)|2+
|β(|λ|)p (t)|2 = 1. The new time-dependent physical vacuum satisfies
ˆ˜ap,λ(t)|0t〉 = 0. (2.14)
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The Hamiltonian reads now
H(t) =
∫
dp
(2pi)3
√
m23/2 + p
2
∑
λ=± 12 ,± 32
ˆ˜a†p,λ(t) ˆ˜ap,λ(t), (2.15)
and the the occupation number n
(λ)
p (t) = ˆ˜a
†
p,λ(t)
ˆ˜ap,λ(t) has the expectation
value
〈0|n(λ)p (t)|0〉 = |β(|λ|)p (t)|2
=
√
m23/2 + p
2 − pRe(u(|λ|)∗p,+ (t)u(|λ|)p,− (t))−m3/2 (1− |u(|λ|)p,+ (t)|2)
2
√
m23/2 + p
2
.
(2.16)
In order to remove the ultraviolet divergence in the momentum integral of
the unequal-time correlations, we follow12 and dress the wave functions by a
function of the occupation number so that it vanishes at energies above the
Fermi surface:
u˜
(|λ|)
p,± =
√
2|β(|λ|)p | u(|λ|)p,± . (2.17)
3 The generic form of the gravitational wave energy
spectrum
The gravitational wave is identified as small perturbations around the FLRW
metric solution of the Einstein equations. It is usual to choose the transverse-
traceless (TT) gauge which leads to a simpler form of the equations. Using the
conformal time τ , we have
ds2 = a2(τ)[−dτ2 + (δij + hij)dxidxj ], (3.1)
It is easier to work in the Fourier space, this allows to avoid non-local oper-
ators. We introduce then the TT projection tensor:13
Λij,lm(kˆ) ≡ Pil(kˆ)Pjm(kˆ)− 1
2
Pij(kˆ)Plm(kˆ), Pij(kˆ) = δij − kˆikˆj . (3.2)
and the ensemble average of the unequal-time correlator of two ΠTTij
〈ΠTTij (k, t)ΠTTij(k′, t′)〉 ≡ (2pi)3Π2(k, t, t′)δ(3)(k− k′), (3.3)
Denoting by P the background pressure, we have:
ΠTTij (k, t) = Λij,lm(kˆ)(T
lm(k, t)− Pglm), (3.4)
The TT part of the anisotropic stress tensor ΠTTij governs the production of
gravitational waves through:
h¨ij + 2Hh˙ij −∇hij = 16piGΠTTij , (3.5)
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H = a˙a is the comoving Hubble rate. Considering sub-horizon wave lengths, the
second term in the equation is sub-leading and will be neglected below.
The spectrum of energy density per logarithmic frequency interval can be
expressed as14
dρGW
dlogk
(k, t) =
2Gk3
pia4(t)
∫ t
tI
dt′
∫ t
tI
dt′′a(t′)a(t′′)cos[k(t′ − t′′)]Π2(k, t′, t′′), (3.6)
This defines completely the stochastic gravitational background.
The energy domain under consideration is such that k  m3/2  H. The
longitudinal λ, λ′ = ± 12 and transverse λ, λ′ = ± 32 modes are typically pro-
duced with different rates (see e.g., for gravitinos15,16) and their production of
gravitational should be treated separately.
We denote
p′ = p+ k. (3.7)
θ the angle between k and p and θ′ the angle between k and p′, thus
p′ =
√
p2 + k2 + 2kp cosθ, θ′ = arccos(
p cosθ + k√
p2 + k2 + 2kp cosθ
). (3.8)
The result of a tedious but straightforward computation of the unequal-time
correlation gives1
Π2|λ|(k, t, t
′) ' 1
2pi2
∫
p,p′m3/2
dp dθ K(|λ|)(p, k, θ,m3/2) W˜
(|λ|)
k,p (t)W˜
(|λ|)∗
k,p (t
′). , (3.9)
We have isolated the universal kinematical factors
K(
3
2 )(p, k, θ,m3/2) = p
2k2{5 sin3 θ sin2 θ′ + sin2(θ − θ′) sin θ}+ 4p4 sin4 θ sin θ′.
(3.10)
and
K(
1
2 )(p, k, θ,m3/2) =
1
36m23/2
p4p′2 sin θ{(cosθ − cosθ′)2 + 4 sin4(θ − θ
′
2
)(1 + sin θ sin θ′)}
+ · · · , (3.11)
where the · · · are sub-leading terms proportional to m3/2.
The model dependent factors:
W˜
(|λ|)
k,p (t) = 2|β(|λ|)p (t)||β(|λ|)p′ (t)| {u(|λ|)p,+ (t)u(|λ|)p′,+(t)− u(|λ|)p,− (t)u(|λ|)p′,−(t)}, (3.12)
are build from the wave functions solution of the Dirac equation in the particular
background and with the sources under consideration in each model.
We can check that the produced gravitational spectrum is dominated by
the helicity 1/2 components as it involves higher power of the momentum k.
Plugging (3.9) in (3.6) gives for the leading term:
dρGW
dlogk
(k, t) ' Gk
3
pi3a4(t)
∫
dp dθK(
1
2 )(p, k, θ,m3/2) {|Ic(k, p, θ, t)|2+|Is(k, p, θ, t)|2},
(3.13)
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with
Ic(k, p, θ, t) =
∫ t
ti
dt′
a(t′)
cos(kt′) W˜ (
1
2 )
k,p (t
′), Is(k, p, θ, t) =
∫ t
ti
dt′
a(t′)
sin(kt′) W˜ (
1
2 )
k,p (t
′) .
(3.14)
4 An explicit example
In our explicit example, we consider gravitinos non-thermally and non-adiabatically
produced during preheating. Solving the corresponding Dirac equation leads to
explicit forms of the wave functions u
(|λ|)
p,± . The latter plugged in (3.12) allow
then to compute the spectrum of energy density per logarithmic frequency in-
terval from (3.14). The highest amplitude is expected from longitudinal modes;
we focus our analysis on their production.
To ensure that we are in the regime H  m3/2, we enforce that the super-
symmetry breaking by F -term in today’s vacuum always dominates over the
one due to curvature at the end of inflation.
We consider a chiral superfield z with Ka¨hler potential K and superpotential
W given by.17
K = |z|2 − |z|
4
Λ2
, (4.1)
W = µ2z +W0, (4.2)
Near the minimum, we have
m3/2 ' µ
2
√
3M2Pl
' W0
M2Pl
, mz ' 2
√
3
m3/2MPl
Λ
. (4.3)
at leading order in MPl and for negligible cosmological constant. We define
θ(t) = − am
2
zδz
2
√
3m3/2MPl
= −am
2
zδz
2F
, (4.4)
and δz = z− z0 as the displacement of z from its value z0 at the minimum, The
production of longitudinal modes of the gravitino i.e. goldstinos is described by
the Dirac equation15,16
[iγ0∂0 − am3/2 + (A+ iBγ0)p · γ]
(
u+
u−
)
= 0, (4.5)
where a is the conformal factor in (3.1),
A+ iB = exp(2i
∫
θ(t)dt), and f(t)± = exp(∓i
∫
θ(t)dt)u± , (4.6)
The equation of motion (4.5) can be written as
f¨± + [k2 + (am3/2 − am
2
zδz
2F
)2 ∓ iam
2
z δ˙z
2F
]f± = 0. (4.7)
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corresponding to spin-1/2 fermions produced non-adiabatically from the scalar
z to which they are coupled through an effective Yukawa coupling
y˜ =
m2z
2F
. (4.8)
The produced fermions fill a Fermi sphere with co-moving radius18 kF and
resonance parameter q19 given by
kF ∼ (a/aI)1/4q1/4mz, q ≡ y˜
2z2I
m2z
, (4.9)
where zI is the initial vacuum expectation value of z. The peak of the spectrum
is kp ∼ kF , which corresponds numerically to about
fp ' 6 · 1010y˜ 12 Hz. (4.10)
The maximum amplitude of the gravitational wave spectrum is estimated to be
of order
h2ΩGW (fp) ' 2.5 · 10−12( m
2
z
zIMPl
)2(
a∗
aI
)
1
2 q
3
2 (
kF
m3/2
)2
= 3 · 10−11y˜6( zI
mz
)2(
a∗
aI
)
' 3 · 10−10( fp
6 · 1010Hz)
12(
zI
mz
)2, (4.11)
where aI and a∗ are the scale factor at initial time and the end of the gravita-
tional wave production. Typical values are displayed in Fig. (1)
1×108 5×108 1×109 5×109 1×1010fp (Hz)10
-29
10-24
10-19
10-14
10-9
h2ΩGW
zI
mz
1014
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108
105
102
Fig. 1: The maximal amplitude of gravitational waves as function of the peak frequency.
At low frequencies, the spectrum behaves as for a generic gas of spin 1/2
fields, but near its maximum (3.13) it scales as k5: this is the very peculiar
feature of gravitational wave spectrum produced from spin-3/2 particles.
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5 Conclusion
The search for fundamental spin 3/2 is hindered by the gravitational nature
of their interactions making them some of the most elusive particles in the
Universe. We have pointed out that gravitational waves produced from a gas
of spin-3/2 fermions has a peculiar spectrum that can single it out. Though
many speculative conditions need to be made so that they are produced in a
substantial amount and during preheating, the importance of figuring new ways
to observe such new particles can not be underestimated. On the experimental
level, the challenge rests on improving by around five or six order of magnitude
the sensitivity of experiments such as in.20
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